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Abstract 

We suggest a new type of hill-top inflation originating from the initial conditions in the form 
of the microcanonical density matrix for the cosmological model with a large number of quantum 
fields conformally coupled to gravity. Initial conditions for inflation are set up by cosmological 
instantons describing underbarrier oscillations in the vicinity of the inflaton potential maximum. 
These periodic oscillations of the inflaton field and cosmological scale factor are obtained within 
the approximation of two coupled oscillators subject to the slow roll regime in the Euclidean 
time. This regime is characterized by rapid oscillations of the scale factor on the background 
of a slowly varying inflaton, which guarantees smallness of slow roll parameters e and g of the 
following inflation stage. A hill-like shape of the inflaton potential is shown to be generated by 
logarithmic loop corrections to the tree-level asymptotically shift-invariant potential in the non- 
minimal Higgs inflation model and R 2 -gravity. The solution to the problem of hierarchy between 
the Planckian scale and the inflation scale is discussed within the concept of conformal higher 
spin fields, which also suggests the mechanism bringing the model below the gravitational cutoff 
and, thus, protecting it from large graviton loop corrections. 


1. Introduction 

Once very popular the problem of initial conditions in cosmology HJH starts attracting attention again. 
In particular, it raises the issue of a possible origin of inflation in the Starobinsky R 2 - gravity [3] and 
the non-minimal Higgs inflation model [J which are widely regarded as explaining the CMB data [30 
and incorporating a possible link between these data and the phenomenology of the particle Standard 
model [3 ® (HI |TDJ HI]. Three known sources of cosmological initial conditions are pure no-boundary [T : 
and “tunneling” [2] quantum states of the Universe and the Fokker-Planck equation for coarse-grained 
cosmological evolution |12] . Unfortunately, observer independent treatment of the no-boundary state 
leads to an insufficient amount of inflation which starts at the minimum of the inflaton potential rather 
than its maximum. Volume weighting m or top-down approach (14] to the no-boundary state seem 
to resolve this issue but remain with the problem of consistency of complex tunneling geometries and 
normalizability of the quantum ensemble in cosmology. Tunneling state has a rather uncertain ground 
based on the hyperbolic rather than Schroedinger nature of the Wheeler-DeWitt equation. Moreover, 
no-boundary and tunneling states do not have a clear canonical quantization ground and within the 
Euclidean path integral construction represent a special quasi-vacuum state. Fokker-Planck equation 
leads to eternal inflation, Multiverse concept, Boltzmann brains, etc. and raises the issue of a very 
contrived measure m- 

The model that circumvents the above problems and is based on first principles of canonical 
quantization was suggested in nu nz]. It represents the synthesis of two main ideas - a new concept 
of the cosmological microcanonical density matrix as the initial state of the Universe and application 
of this concept to the system with a large number of quantum fields conformally coupled to gravity. 
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It plays important role within the cosmological constant and dark energy problems. In particular, 
its statistical ensemble is bounded to a finite range of the effective cosmological constant [ID], it 
incorporates inflationary stage and is potentially capable of generating the cosmological acceleration 
phenomenon within the so-called Big Boost scenario [18]. Moreover, the conformal cosmology provides 
perhaps the first example of the initial quantum state of the inflationary Universe, which has a 
thermal nature of the primordial power spectrum of cosmological perturbations. This suggests a 
new mechanism for the red tilt of the CMB anisotropy [T9], '201, complementary to the conventional 
mechanism which is based on a small deviation of the inflationary expansion from the exact de Sitter 
evolution [21] . 

This setup has a clear origin in terms of operator quantization of gravity theory in the Lorentzian 
signature spacetime and is based on a natural definition of the microcanonical density matrix as a 
projector on the space of solutions of the quantum gravitational Dirac constraints - the system of the 
Wheeler-DeWitt equations mm- Its statistical sum has a representation of the Euclidean quantum 
gravity path integral ns im 

Z= j D[g^,$] (1.1) 

periodic 

over metric g ^ and matter fields d> which are periodic on the Euclidean spacetime with a time 
compactified to a circle S 1 . 

This statistical sum has a good predictive power in the Einstein theory with the primordial cosmo¬ 
logical constant A and the matter sector which mainly consists of a large number N of quantum fields 
(f> conformally coupled to gravity USE! with the action ScFrig^u, d ) ]. The dominant contribution 
of numerous conformal modes allows one to overstep the limits of the usual semiclassical expansion. 
Integrating these modes out one obtains the effective gravitational action with Scft[9iu>,&] replaced 
by the quantum effective action of the conformal fields Rcft[9^v\- On the Friedmann-Robertson- 
Walker (FRW) background, g^dx^dx 1 ' = N 2 (r)dT 2 + a 2 (r) d 2 tt (3 \ with a periodic lapse function 
N(t) and scale factor a(r) - the functions of the Euclidean time belonging to the circle S 1 [16], this 
action is exactly calculable by using the local conformal transformation to the static Einstein universe 
and the well-known trace anomaly, 

= 4 (aDR + /3E + 7 C^ aj8 ) , (1.2) 

which is a linear combination of Gauss-Bonnet E = R.f u/(r/ — 4 R 2 V + R 2 , Weyl tensor squared C 2 a p 
and □!? curvature invariants with spin dependent coefficients. The resulting Rcft[ g^\ turns out to 
be the sum of the anomaly contribution and the contribution of the static Einstein universe - the 
Casimir and free energy of conformal matter fields on the sphere S 3 at the temperature determined 
by the circumference of the compactified time dimension S 1 . This is the main calculational advantage 
provided by the local Weyl invariance of <P conformally coupled to g 

Solutions of equations of motion for the full effective action, which give a dominant contribution 
to the statistical sum, are the cosmological instantons of S ' 1 x S 3 topology. These instantons serve 
as initial conditions for the cosmological evolution a^(t) in the physical Lorentzian spacetime. The 
latter follows from a(r) by analytic continuation a Lit) = a(r* +it) at the point of the maximum value 
of the Euclidean scale factor a+ = a(r*). The fact that these instantons exist only in the finite range 
of A implies the restriction of the microcanonical ensemble of universes to this range, which is akin to 
the solution of the string landscape problem if one assumes that this model is a low-energy limit of 
the string theory. 

As was mentioned in [18] this scenario can incorporate a finite inflationary stage when A is replaced 
by a composite operator A(<j>) = V(<j>)/Mp - the potential of the conformally non-invariant scalar field 
<p which is slowly varying during the Euclidean and inflationary stages and decaying in the end of 
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inflation by a usual exit scenario. The goal of this paper is to develop such a generalization to the 
model with the dynamical inflaton <j>, 

S[ giu ,,4>,$] = j d 4 x g 1 / 2 R+\(S<t>f +V(0)) + Scft[9^,H (1-3) 

whose potential V(<j>) simulates the effect of the primordial cosmological constant. With this gener¬ 
alization the restriction of the cosmological term range, A(<j)) = V{4>)/Mp, becomes a selection of the 
range of (f> or fixation of the initial conditions for inflation. These initial conditions is a principal goal 
of this paper. 

As we will see, this conformal cosmology realizes the initial conditions in the form of the new type 
of hill-top inflation originating from the underbarrier oscillations of the inflaton <f> and the scale factor 
a in the vicinity of local maxima of V(</)). Thus, these initial conditions provide a considerable amount 
of inflation with the parameters calculable from the saddle point configurations for the microcanonical 
partition function. The qualitative picture of the hill-top inflation is shown on Fig.l - the inflaton 
slowly rolling from the potential hill in real Lorentzian time originates from its underbarrier oscillations 
after the Euclidean-Lorentzian transition at the turning point 0*. This is, however, not a tunneling in 
the usual sense, because there is no classically allowed state before this tunneling, and the cosmological 
instanton in the underbarrier regime is just the saddle point of the microcanonical partition function. 


V(0) 



Figure 1: Picture of hill-top inflation: underbarrier oscillations indicated by waverly line give rise to infla¬ 
tionary slow roll at the turning point <j)„. 
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2. The model with the fundamental cosmological constant 


For cosmology with S ' 1 x S 3 topology the statistical sum m is dominated by FRW solutions of the 
effective equation which in the gauge N = 1 reads muni 

a 2 1 ( d 4 a 2 \ A C . da 

a 2 a 2 \ 2a 4 a 4 ) 3 a 4 ’ ° dr 

r _B 1 dF p 

2 67 r 2 Mp dr] ’ 8ir 2 Mp 

This is the modification of the Euclidean Friedmann equation by the trace anomaly £?-term and the 
radiation term C/a 4 , both generated by /cft] The constant B is defined by the coefficient j3 of 
the Gauss-Bonnet term in d and C here characterizes the sum of the renormalized Casimir energy 
B /2 and the thermal energy of CFT particles whose free energy F{if) is a boson or fermion sum over 
field modes with energies w on a unit 3-sphere, 

F{r,)=±Y J ln(lTe-^), r, = f (2.3) 

Jn 1 a 


( 2 . 1 ) 

( 2 . 2 ) 


t] playing the role of the inverse temperature — a period of the S 1 x S 3 instanton in units of the 
conformal time (12.31) . Eg. (12. II) is derived by varying with respect to N the effective action which 
was obtained by integrating the conformal anomaly (| 1 . 21 ) and independently taking into account the 
contribution of the auxiliary static Einstein universe]! 

The solutions of this integro-differential equation form the set of periodic S 3 x S 1 instantons with 
the oscillating scale factor - garlands that can be regarded as the thermal version of the Hartle- 
Hawking instantons Usmans]. The scale factor oscillates m times (to = 1,2,3,...) between the 
maximum and minimum values (12.41) . a_ < a(r) < a+, 


9 1 ± A 

a± = ~2iP 



A = Vl - 4 CH 2 , 


(2.4) 


so that the full period of the conformal time (12.31) is the 2m,-multiple of the integral between the two 
neighboring turning points of a(r), d(r±) = 0, r\ = 2 m / a ° + da/aa. Thus, modulo the discrete number 
to, the instanton period is not arbitrary, but rather uniquely determined by the turning points of the 
scale factor evolution. In its turn, this conformal time period 77 determines the effective temperature 
T = I /77 as a function of M|> and A. This is the artifact of a microcanonical ensemble in cosmology 
m with only two freely specifiable dimensional parameters — the gravitational and cosmological 

constants]! 

These garland-type instantons exist only in the limited range of the cosmological constant A = 3 H 2 
|I161. As shown in T6], the requirement of a periodic motion with turning points at a± restricts the 
set of these instantons to the curvilinear domain in the two-dimensional plane of A and the amount 
of radiation constant C (each instanton being represented by a point in this plane), 


C > B ~ B 2 H 2 , C<-^, (2.5) 


^^This equation is independent of the anomaly coefficients a and 7, because it is assumed that a is renormalized 
to zero by a local counterterm, Pcft r cft = ^CFT + (<*/ 3847T 2 ) f d^x g 1 / 2 R? . This guarantees the absence of 
higher derivative terms in i im i - non-dynamical (non-ghost) nature of the scale factor - and simultaneously gives the 
renormalized Casimir energy a partiular value proportional to B/2 = (d/l§i: 2 Ml [23]. Both of these properties are 
critically important for the instanton solutions of ED- The coefficient 7 of the Weyl tensor term C 2 ua p does not enter 
ED because identically vanishes for any FRW metric. 

2 As discussed in El. the total energy of a closed cosmology as any other global conserved charge is identically zero, 

so that it cannot serve as an argument of the microcanonical statistical sum unlike in theories with nonzero conserved 

Hamiltonians and freely specifiable total energy. 
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^min < ^ < ^max=^2^/W 2 p /^ 


Figure 2: Band range of garland instantons 


which in terms of parameters A and e = 1 — 2 BH 2 reads as A < e < 1. In this domain they form a 
countable, m = 1,2,sequence of one-parameter families - curves interpolating between the lower 
straight line boundary C = B — B 2 H 2 and the upper hyperbolic boundary C = 1/4 H 2 . Each curve 
corresponds to a respective ?n-fold instantons of the above type. Therefore, the spectrum of admissible 
values of A has a band structure, each band A m being a projection of the m-curve to the A axis. The 
infinite sequence of bands of ever narrowing widths with m —> oo accumulates at the upper bound of 
this range ax = 1/2 B or 


A 


max 


127 t 2 M 2 

P 


( 2 . 6 ) 


The lower bound f// lin - the lowest point of m = 1 family - can be obtained numerically for any field 
content of the model. 

For a large number of conformal fields N, and therefore a large /3 oc N, the both bounds are of 
the order Mj>/N. Thus the restriction (2.5) suggests that by specifying a sufficiently high number of 
conformal fields one can achieve a primordial value of A well below the Planck scale where the effective 
semiclassical theory applies, but high enough to generate a sufficiently long inflationary stage@ 

3 This conclusion might signify that the energy scale of the model is too close to the widely accepted semiclassical 
cutoff rsj Mp/N in gravitational models with multiple species [25] to guarantee validity of perturbation theory. The 
resolution of this controversy is briefly discussed in Conclusions within the concept of conformal higher spin fields which 
are likely to resolve the hierarchy problem in conformal cosmology. 
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3. Dynamical inflaton in conformal cosmology 

Generalization to the model with the composite cosmological term (11,311 implies the replacement of A 
in the effective Friedmann equation (12.11) by the function of <f> and 0, A —> (V(<fi) — 0 2 /2)/M|,, and 
the addition of the dynamical equation for <f>, 


d_ 

dr 


(a 3 </>) - , 


t dV 
d cj) 


= 0. 


(3.1) 


The possibility of periodic solutions of this system follows from counting its integration constants. 
Three integration constants <f> o, (j) o, ao and the unknown period T should satisfy three equations of 
periodicity for <fi, <j>, a. In addition, at the nucleation point r* of the Lorentzian solution from the 
Euclidean instanton both time derivatives and a* should vanish, which gives one more equation, 
and this guarantees the existence of needed solutions at least up to some global obstructions. This 
means that, if some approximate periodic solution satisfying the condition of Euclidean-Lorentzian 
junction exists, then perturbation theory will guarantee the periodicity of perturbed solution. 

Periodicity imposes an important restriction on the shape of the potential V(4>) - integration of 
m over the full period gives 


, idV n 
dr a 3 —— = 0. 
o<p 


(3.2) 


This implies that the gradient of V changes its sign at some point <j> o, dV (<j>o) / d(f>o = 0, so that this is 
either a local minimum or maximum of the potential. In the vicinity of a minimum of V ((/>) inflaton 
oscillations between the two turning points can only be in the over-barrier regime, that is in the real 
Lorentzian time. But from generic properties of the solution for the scale factor we know that it is 
periodic in the real Euclidean time. This means that inflaton oscillations should take place also in the 
real Euclidean time, that is in the under-barrier regime between the two turning points lying to the 
left and to the right of the potential maximum. Therefore, local minima of V (</>) are ruled out, and 
these oscillations are confined to the vicinity of the inflaton potential maximum (maxima). 

This is a major conclusion that distinguishes density matrix initial conditions in microcanoical 
state conformal cosmology from those of the no-boundary wavefunction prescription. The latter, 
within the observer-independent treatment, favor minima of the inflaton potential and thus undermine 
inflationary predictions, because small initial values of V(cf>) cannot provide us with a sufficient amount 
of inflation. Volume weighting and anthropic argumentation are then needed to handle the situation 
mm which, however, leave the “objective” observer-independent distributions unnormalizable and 
hardly consistent within semiclassical expansion. 

The effective Hubble factor H 2 = — cp 2 /2)/3Mp is no longer a constant parameter, and its 

time dependence is caused in view of m by the friction term, 


-H 2 = 3- 
dr a 


(3.3) 


which is small for slowly varying inflaton and scale factor and can be treated by perturbation theory. 
The leading order of this perturbation theory is given by the approximation of two coupled oscillators 
considered in much detail in [26] . For the potential expanded near its maximum at 4> o, 


y{4>) - v(M - ^ m 2 (</>- m 2 , 


d 2 = 


d 2 V{M 

#o 


= -Vo > 0 , 


(3.4) 


nearly harmonic oscillations of </> with a small amplitude = (f>o — </>*, where </>* is a turning point 
shown on Fig.l, are accompanied by oscillations of a 2 


= 4>o — A^cos (/itr), 
1 + Acos(wt) 


a 2 = 


2 H 


2H 2 


VI - 2BH 2 ' 


(3.5) 

(3.6) 
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Such a behavior of the scale factor holds for the solutions close to the upper boundary of the domain 
m , when the scale factor is pinched between nearly coincident a± defined by (12.41) . A< 1. This 
follows from Eq. EH which in the parametrization a 2 = (1 + yA)/2H 2 reduces to the harmonic 
oscillator equation for the variable y, y 2 + co 2 y 2 = w 2 , provided the following bound holds [26] 

A <Ce = l — 2 BH 2 . (3.7) 


For this to hold the parameters e, A and H - functions of slowly oscillating <j> - must have a small 
change during the oscillation period 2i r/w, H < wH, |A| < wA. Together with smallness of the 
friction term in the inflaton oscillator, \3a<j)/a\ < |</>|, this imposes the bounds y u A and 


W = 


ft 

2MpH 2 




(3.8) 


Interestingly, the last bound - smallness of A can be replaced by the opposite limit W A 
when Eq. EH leads to a strongly anharmonic y, y — | sin^J, but still having the same period 2tt/uj, 
provided a large function W is slowly varying, W < ujW [26]. This leads to an extra bound on y, 
y < at, so that the frequency of inflaton oscillations y belongs to a limited but nonempty range 


wA. 


(3.9) 


The motion of two coupled oscillators with frequencies y and u> is periodic when my = nui with 
integer m and n, and to n in the above range of y - fast oscillations of a with a slower motion 
of (j). Apart from the requirement of a valid (an)harmonic oscillator approximation, this range of 
to n can be justified by the slow roll regime for the inflationary stage. Slow roll parameters at 
the Euclidean-Lorentzian transition point ? 7 * = M'pV"/V* = —y 2 /3H 2 and e* = (MpVl/V*) 2 /2 = 
^(A ( j > /M P ) 2 (y 2 /3H 2 ) 2 are related by the equation 


: =-(^ t )\ 2 

* 2 \M P J 


(3.10) 


which implies for A^ ~ Mp a typical relation e* ~ rj 2 < y* characteristic of the Starobinsky model 
0 or the model with a non-minimally coupled inflaton [7] S3.- Now, in view of (13.61) it follows that 


H 2 = 


2 B + 4 n 2 /y 2 m 2 ’ 


and 


2 9 4 n 2 


(3.11) 


(3.12) 


which is not small unless By 2 < 1 and to 2 n 2 . 

For to n > 1 the number to of the a-oscillations during the full period implies the m-fold garland 
instanton with the Hubble parameter close to the upper bound of its range [ 111 


H 2 


1 / In 2 to 2 \ 

25 ^^ 2 t T 2 m 2 J ‘ 


(3.13) 


The Euclidean solutions in this limit can be called slow-roll ones, because the rate of change of the 
scale factor is much higher than that of the inflaton field. The Euclidean version of the slow-roll 
regime is, however, rather peculiar, because in contrast to the Lorentzian case with monotonically 
changing variables here the scale factor and inflaton are oscillating functions of time. The details of 
these solutions can be found in [2F| . Here we give a simplified overview of these solutions and their 
relation to the conventional slow roll parameters of inflation in the Lorentzian theory. 
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Comparison of (13.131) with (13.111) implies that n ~ \JB/j' 2 In m/n. so that in view of n > 1 
the lower bound on m is exponentially high, and the ratio n/m in (13.121) is exponentially small, 
n/m < exp(— 7 r/ \JBy 2 ). As a result the solution becomes very close to the upper quantum gravity 
scale - the cusp of the curvilinear triangle on Fig. 1 and the corresponding slow roll smallness parameter 
(13.121) expresses in terms of the quantity By? = B \V"\, 

H y*^~By 2 . (3.14) 

In view of the known CMB data for n s = 1 — 6 e» + 2?y» ~ 1 + 2ry» ~ 0.96, this quantity is also very 
small, By 2 ~ 0.01. Now, with e ~ 2 (lnm/ 7 rm ) 2 < 2exp(— 2tt / R By 2 ) / By 2 , the requirement of the 
harmonic oscillator approximation urn A <C e, establishes the range of the amplitude of scale factor 
oscillations A. In terms of the slow roll smallness parameter 77 * ~ —0.01 it reads 

A < J_ e -2V2ir/y/3M' (3. 15 ) 

M 

Below we will estimate the bound on the first smallness parameter e* in conformal cosmology from 
the requirement that it should model initial conditions for non-minimal Higgs inflation. This requires 
the knowledge of the amplitude of the inflaton field oscillations A<y As we will see, this amplitude 
will have a sub-Planckian value, so that in view of (13.101) a typical relation e* ~ rj 2 characteristic of 
the Starobinsky model or the model of non-minimal Higgs inflation will hold and signify that e* adds 
a negligible contribution to the CMB spectral parameter and provides a very small tensor to scalar 
ratio r = 16e*. 


4. The shape of the potential: non-minimal Higgs inflation 
and R 2 model 

Microcanonical state conformal cosmology can serve as a source of initial conditions for the non- 
minimally coupled Higgs inflation model 0 [ 2 Il [28l which, together with the Starobinsky model of 
7? 2 -inflation [33 , is considered as one of the most promising models fitting the CMB data {51 [ 6 ]. There 
is a twofold reason for that because, firstly, the Higgs inflation model has a natural mechanism of 
forming a hill-like effective potential and, secondly, it provides a relation £* ~ r/ 2 <C 77 * < 0 , 
which establishes a strong link between the observable value of the CMB spectral parameter n s = 
1 — 6e* + 2?y» ~ 1 + 277 * and the value of the Higgs mass discovered at LHC [3 in m [ 10 ] . This relation, 
as we will see below, will be provided by the bound on the amplitude of the inflaton oscillations A^ 
in the underbarrier regime. 

The inflationary model with a non-minimally coupled Higgs-inflaton H , ip 2 = H , as any other 
semiclassical model, has a low-derivative part of its effective action (appropriate for the inflationary 
slow-roll scenario), 


THiggsI^,^] = J d?x g 112 (v{<p) - U(<p)R(g „„) + ^ G{ip) (V<p) s 


(4.1) 


Its coefficient functions contain together with their tree-level part the logarithmic loop corrections 
with the UV normalization scale y, 


V(<p) = ^<£ 4 + 0(Vln^2 ), U(R) 

2 

G(^) = l + o(ln^). 


M 2 




o 




(4.2) 


(4.3) 
















The coefficients of logarithms are determined by quantum loops of all particles and represent beta 
functions of the corresponding running coupling constants - quartic self-coupling A, non-minimal 
coupling of the Higgs field to curvature £ - and anomalous dimension of ip. 

Inflation and its CMB are easy to analyze in the Einstein frame of fields g M „, (j>, in terms of which 
the action ED A-iiggs[ [l/iv ; P ] = /dnggs[ Qiiv, <t>] h as a minimal coupling of the inflaton to curvature, 
U = Mp/2, a canonical normalization of the inflaton field, G = 1, and a new inflaton potential, 
V(cj>) = MpV{ip)/4:U 2 (ip). Due to leading logarithmic terms this potential starts decreasing to zero 
for large values of <p ~ Mp exp(<^/v / 6Mp)/v / £, V(<j>) ~ 1/ln (ip 2 / p 2 ) 0, ip —> oo. Of course, this 
behavior cannot be extrapolated to infinity, because semiclassical expansion fails at transplanckian 
energies, but the maximum of the potential, which is reached at some <f>, V' {<p) = 0, corresponds 
for large £ ~ 10 4 (matching CMB data with the Higgs mass value mm) to a subplanckian scale 
V(4>) ~ Mp/ 96£ 2 -C Mp. Therefore the potential starts bending down in the semiclassical domain 
and acquires a shape of the hill suitable for our hill-top inflation scenario. 

In fact a similar qualitative behavior holds in any order of loop expansion, because in the leading 
logarithm approximation of l -th loop order both V(<p) and U (ip) grow like Tth power of the logarithm 
while their ratio V/U 2 in the Einstein frame potential decreases like {\w(p 2 / p 2 ))~ l . This property 
was confirmed numerically within RG resummation of leading logarithms in m in the model of 
non-minimal Higgs inflation. 

Application of our hill-top scenario to non-minimal Higgs inflation implies a transition between 
the original Jordan frame and the Einstein frame on the FRW background. We start with the full 
action containing the Einstein-Hilbert part, non-minimal Standard model part and large N sector of 
conformal fields 


S[9pv,H, ...<P] = Seh+sm[9pv,H, ...] + ScFTigpv,#}, 


where 


SEH+SM[gpv,H,...] = J d^xg 1 ^ 2 ^ 


— 


J.VJ. LJ | - 


-R+-(Vipy 


(4.4) 


(4.5) 


includes the contributions of the Higgs field <p 2 = H non-minimally coupled to the metric and of 
the other Standard model fields denoted by ellipses. Quantization of this theory in the original Jordan 
fram£0, results in the effective action of the gravitating Higgs model (14.11) and the effective action of 
the conformal sector, S E h+Sm[ 9 ^, H,...} -^Higgs[flV, P], Scft[9^,$] Tcpt[<^]- 

If one rewrites the Higgs effective action in the Einstein frame of fields g and <j> on the FRW 
background, Tkiggs[ffpi/, </)]\frw = Aiiggs[d, N, <j>], then it reads as a classical action but in terms 
of the Einstein frame scale factor a and lapse N and with quantum corrected potential V (</>) of 
the above hill-like shape. Conversion of the effective action of conformal fields to the Einstein frame 
variables, Tcft[ a, iV] = Toft [a,N,<j>], generates an additional contribution which can be interpreted 
as the effect of the conformal anomaly due to the transition from the Jordan frame to the Einstein 
frame. This contribution is, however, small for a slowly varying scalar field, \6\/Mp |a|/d, so that 

-Toft [d,N,<f>] ~ JcFT[a, N], and the full action /Higgs[S, N, <j>] + Tcft[S, N] takes the form of the 
minimally coupled inflaton action in terms of hatted variables and with the quantum corrected hill-top 
potential. One can apply to it the above analysis. The additional smallness restriction |o|/a \cj)\/Mp 
(we omit hats from now on) implies the bound 


M 2 H 2 e ’ 


(4.6) 


4 Quantization of scale invariant theories in the Einstein frame with the asymptotically shift invariant inflaton poten¬ 
tial, allegedly, stabilizes radiative corrections m ■ Flatness of the potential, however, results not only in the smallness of 
vertices, but also makes the theory effectively massless. This undermines the gradient expansion which is a corner stone 
of the Higgs inflation model and brings to life strong infrared effects m- This and the other properties of shift-invariant 
potentials in the Einstein frame make us to prefer quantization in the Jordan frame. 
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which is stronger than (13.81) . On account of the first bound (13.91) . ji ojA or A 2 /e <C p 2 /H 2 , it takes 
the form A^/Mj, -C 1 and, thus, decreases e* in (13.101) even below its value in the Starobinsky or 
Higgsflation model. This makes the estimate for the spectral parameter n s even less sensitive to the 
value of e* and even further reduces the CMB tensor to scalar ratio r = 16e*. 

The above picture also applies to the case when the Higgs model is replaced with the Starobinsky 
model of the i? 2 -gravity, S E h+sm[9^, H, ...] -> >Sf tar [ g^\ = \f d 4 xg 1/2 (-M£ R-£ R 2 / 2), because 
it can be reformulated as Einstein gravity with a non-minimally coupled scalar field 



Transition to the Einstein frame, 1 +£ip 2 /Mp = exp(2| </> \/Mpy/6), = exp(—2| (f>\/Mp\/6) g^ u , 

recovers the action m of the minimally coupled and canonically normalized inflaton cf> with the 
potential V = Mp(l — e~ 2 ^^ Mp ^) 2 If the slow roll condition (14.61) holds, then this transition as 
above leaves the action of the model unchanged. Therefore, it takes the form of the original effective 
action with the minimal dynamical inflaton having this particular potential. It is asymptotically shift 
invariant at large <fi, but logarithmic radiative corrections render it a hill-top shape by the mechanism 
discussed above, and one can apply the hill-top scenario of the above type. 

In fact, the inclusion of the Starobinsky model becomes indispensable if we put forward as a guiding 
principle a necessity to preserve garland instantons of the SLIH scenario [TGj . This is because the R 2 
term is the only means to render a non-dynamical - and therefore stable non-ghost - nature of the 
scale factor mode and a particular value of the Casimir energy ~ B/2 in (12.11) (see footnote [TJ . This 
can be expressed as a simple relation 


cStar | p 

+1 CFT = 


cStar 

*~ > £+0'/967r 2 


pR 

1 CFTi 


(4.8) 


where r^FT is the effective action of conformal fields with the trace anomaly m coefficient a 
renormalized to zero by adding the R 2 counterterm in contrast to the original action Rcft of the 
theory with a nonzero a. Then the last equation can be interpreted as the way I? 2 -gravity plays its 
double role - part of it performs finite renormalization of a to zero, Rcft —> T q F t > while the rest of 
it generates a dynamical inflaton feeding the CFT scenario with the potential 


V = Mp 


(1 


_ p — 2\tf>\/Mp\/6 


r 


4? 


24tt 2 


(4.9) 


which is converted by logarithmic quantum corrections to a hill like shape. 


5. Conclusions 

Thus, for a wide range of parameters satisfying the bounds m-m the microcanonical state cos¬ 
mology with a dynamical inflaton possessing a hill-likc potential has instantons which are very close to 
the solutions of the model with a primordial cosmological constant. These instantons are described by 
the approximation of two coupled oscillators and generate a new type of hill-top inflation depicted on 
Fig.l. Hill-top inflation histories in Lorentzian signature time, and ajJi). originate by analytic 

continuation of the Euclidean solutions (I3.5I) - (I3.6I) to r = 2mn/uj + it, where m > 1 is the number 
of oscillations of the scale factor in the garland instanton. For small time t the linearized Lorentzian 
solutions read 

<M*) = - A 0 cosh(/ut), a? L (t) = + 2^2 cosh(wt), cot < 1, (5.1) 

while at later times nonlinear effects start dominating, so that the Lorentzian version of the nonlinear 
equation m with a dynamical A, A -» (V{4>l) + </>!/2 )/Mp = p^/Mp, enters the stage. This 
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equation can be rewritten in the manifestly Friedmann form with the effective Planck mass M e g(p) 
depending on the full matter density p which together with includes the primordial radiation of 
the conformal cosmology |T5] . 



(5.2) 


(5.3) 


The further evolution for large t consists in the fast quasi-exponential expansion during which the 
primordial radiation gets diluted, the inflaton field decays by a conventional exit scenario and goes over 
into the quanta of conformally non-invariant fields produced from the vacuum^ They get thermalized 
and reheated to give a new post-inflationary radiation having a sub-Planckian energy density, p —> 
Prad < Mp//3, so that M e fj —> Mp, and one obtains a standard general relativistic inflationary 
scenario for which initial conditions were prepared by our garland instanton. 

Exponentially high number of the instanton folds m, corresponding to the upper bound on the 
effective cosmological term H 2 = 1/2 B in the range (12.51) . guarantees the smallness of slow roll 
parameters e and beginning with their values e* and at the Euclidean-Lorentzian transition 
point. They turn out to satisfy the relations e ~ p 2 and 7] < 0 characteristic of the well-known non- 
minimal Higgs inflation or Starobinsky R 2 gravity models. Hill-like potentials in these models can be 
generated by logarithmic loop corrections to their tree-level asymptotically shift-invariant potential, 
so that with the bound (14.61) on the amplitude and frequency of oscillations of cosmological instantons, 
conformal cosmology can be regarded as a source of initial conditions for the Higgs inflation with a 
strong non-minimal coupling or Starobinsky R 2 gravity. The bound (14.61) implies the relation e p 2 
at the onset of inflation, which even stronger bounds the tensor to scalar ratio in the CMB signal of 
these models. 

A major difficulty with this scenario is the hierarchy problem. The inflation scale H 2 ~ 1/25 = 
47 r 2 Mp/f3 requires the parameter /3 to be exceedingly large in order to match with the CMB data 
for the energy density = 12n 2 Mp//3 which for the non-minimal Higgs inflation should be about 
10 -11 Mp [7] . The needed /3 ~ 10 13 , which is not accessible in models with conformal fields of low spins 
s = 0,1/2,1, might be due to the hidden sector of weakly interacting conformal higher spin (CHS) 
fields [3U 32] - Their partial contributions /3 S to /3 = )T) S /3 S grow with spin as s 6 * * |32], [33], so that the 
needed value can be attained with the tower of CHS fields, 0 < s < S, up to S = 100 containing 
N ~ 10 6 polarizations [34] or with the individual CHS field of the spin s ~ 200 and N ~ 4 x 40000. 
Quite interestingly, this coincides with the estimate for the average value of /? per one conformal 
degree of freedom, /3/N ~ 10 6 4-10°, at which the thermal correction to the CMB spectral parameter, 
A^thfjrmai ^ —0.001, appears in the third decimal order [20] @ This means that a potential resolution 
of the hierarchy problem via CHS simultaneously makes measurable the thermal contribution to the 
CMB red tilt, which is complementary to the conventional tilt of the CMB spectrum [21] . 

Interestingly, CHS fields provide a new mechanism of stabilizing radiative corrections. As in any 
other effective theory, we do not have control over quantum effects in high-energy limit, and all 
our conclusions remain valid only below a certain cutoff. Since graviton loops in nonrenormalizable 
quantum gravity are suppressed by inverse powers of Planck mass 1 /Mp, this cutoff a priori coincides 
with the Planck scale. However, in view of the universality of the gravitational interaction for a large 
number of quantum species N this suppression factor becomes N/Mj>, and the cutoff scale reduces 
to Mp/\/N. This is a well known expression achieved on the basis of perturbative arguments [24] 
or implications of the Hawking radiation from a semiclassical black hole [25]. With this cutoff our 

5 A realistic model should contain a sector of non-conformal fields which can be negligible on top of conformal fields 

in the early Universe but eventually starts dominating in the course of cosmological expansion. 

'"This can be achieved by essentially reducing the number of garland folds m, which is in its turn possible for potentials 

whose convexity V" at the Euclidean-Lorentzian transition is much smaller than Vq . 
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predictions in conformal cosmology become questionable. Indeed, according to (12.61) the energy scale 
of the model Mp/yffi turns out to be too close to the cutoff and even can essentially exceed it provided 

/3~N. 

Critical point with CHS fields, which resolves this difficulty, is that their [3 grows nonlinearly with 
their total number of polarizations N. According to (32;, i.33j partial f3 s and partial numbers of physical 
degrees of freedom of CHS particles grow with the spin respectively as s 6 and s 2 (overall j3 and 
N for a CHS tower of a height S l, 0 < s < S, are correpondingly S 7 8 and S 3 ) , so that the ratio 
of the cutoff scale to the actual energy scale of the conformal cosmology is y/(3 /N ~ 10 3 . Thus, the 
model is in the quantum state three or four orders of magnitude below its gravitational cutoff, and 
the contribution of nonrenormalizable graviton loops is negligible. 

It is important that the above derivation of the cutoff is based namely on the number of species 
N, rather than the central charge c ~ (3 - one of the coefficients of the trace anomaly - unlike in the 
approach of [23j requiring the smallness of the total one-loop contribution relative to the tree-level 
part. In that approach the cutoff turns out to be Mp/y/fi and is usually identified with Mp/\/N in 
simple models with (3 and N of the same order of magnitude. Here the cutoff Mp/y/N follows from 
the smallness of only the graviton loop contribution, but not of the quantum species one. Therefore, 
the usually ignored difference between N and [3 becomes critically important in the case of CHS fields 
with (3 N and makes this mechanism possible [34] . 

It remains to explain why do we expect stabilization of radiative corrections from the conformal 
sector. Its contribution is big, because it is weighted by [3 N, and this contribution is critically 
important because its dynamical balance against the tree-level part establishes the upper bound (12.61) 
on the energy scale of inflation and leads to a particular structure of the instanton solutions. But 
this sector is perturbatively renormalizable, and for linear fields on FRW background its contribution 
is exactly calculable via the one-loop conformal anomaly^ Moreover, for the FRW background this 
sector is free from logarithmic UV divergences, because in Weyl invariant theories on this background 
the counterterms f <^x g 1 l' 1 C‘ 1 ^ va p and the Euler number of the S' 1 x S 3 instantons (contributed 
by the Gauss-Bonnet invariant E) - are both vanishing. Thus, this sector of the model is free from 
UV renormalization ambiguity, and its power divergences are absorbed by the renormalization of 
the cosmological and gravitational coupling constants. Note that the I? 2 -term of the Starobinsky 
model, considered above and used for a finite renormalization of the Casimir energy and simulation 
of the effective cosmological term, belongs to the UV finite sector of the Weyl invariant fields coupled 
to gravity. Therefore, elimination of higher-derivative ghosts by this finite renormalization cannot 
be broken by radiative corrections, and this satisfies the criterion of “naturalness” in quantum field 
theory. 

All this seems to justify a special role of CHS fields for the stability of the model against uncon¬ 
trollable graviton loop effects. Though this mechanism of a large f3 is vulnerable to criticism regarding 
fine tuning [30] and the problem of perturbative unitaritjH for CHS fields, it fits presently very pop¬ 
ular ideas of string theory, higher spin gauge theory m and holographic duality [32], and it will be 
considered in much detail in [34] . 

We accomplish the paper with a brief discussion of another property of our model. This is an 
unnaturally high number of garland folds, m > exp(7r-\/2/\/3|i7|) dictated by the phenomenological 
smallness of the second slow roll parameter g in (13.141) . This problem, however, can be solved by 
considering potentials more realistic than (13.41) when their convexity \V"\ at the transition point is 
much smaller than that at the their maximum p 2 = | V ( f \ , cf. footnote 6 above. Exponential sensitivity 

7 For simplicity we consider conformal fields without self-interaction, but the generalization to nonlinear case is 
straightforward. Due to renormalizability gravitational multi-loop counterterms are exhausted by the same curvature 
invariants as in the one-loop order, which generate the three-parameter trace anomaly (11 .21) . the main effect of nonlin¬ 
earity being a slow logarithmic RG running of a , ft and 7 m- 

8 Hidden CHS sector is coupled to the observable fields only gravitationally, but below the cutoff this coupling is 
suppressed similarly to the contribution of graviton loops, and this essentially reduces the effects of non-unitarity. A 
fundamental solution of the unitarity problem for higher-derivative CHS fields is anticipated only at the nonperturbative 
level under a better understanding of the gauge theory of interacting higher spins. 
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of the results at the high m tail of the instanton range (12.511 would then relax the bounds on in and on 
A. The final caveat regarding the role of inflationary smallness parameters in the CMB of our model 
is that its precise spectrum has not yet been found, except the thermal contribution to n s found in 
(20j . Conventional dependence of CMB parameters on e and rj might be modified by a nontrivial 
sound speed and the effect of nonlocal quantum corrections in the effective equations for cosmological 
perturbations - the issue subject to current research [36] . 
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